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1 Abstract

We derive a finite set of nonlinear integral equations (NLIE) for the thermody-
namics of the sl(4)-symmetric Uimin-Sutherland (US) model. Our NLIE can
be numerically evaluated for arbitrary finite temperature and chemical poten-
tials. In contrast to the NLIE of type [2], which have already been generalised
to Uy(sl(m|n)), the evaluation at small temperatures poses no problem in our
formulation. The known nonlinear integral equations for the sl(3) case [1] are
recovered as a limiting case. We give numerical results for a spin-orbital model.

2 One-dimensional Uimin-Sutherland model

The Hamiltonian of the one-dimensional US model is given by
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It acts on a one-dimensional lattice with L sites, where a Q-state spin vari-
able o is assigned to each site |. For each state a we have a grading
gq = (—1) P(@) — 41, The local interaction operator Tij j1 permutes neighbour-

INg spins on the lattice with respect to their grading,
T 1|01...0Q 1. ..aL) = (=D)PODPUay oy qaj...00),  (2)

where periodic boundary conditions are imposed. We have added external field
terms Hy;, Where N « counts the number of particles of type a sitting on site |,
and |y iIs some general chemical potential. The model is known to be exactly
solvable on the basis of the Yang-Baxter algebra. The classical counterpart is the
rational limit of the two-dimensional Perk-Schultz model with Boltzmann weights

REW(Y) = BavByp + V- (—1) PP 5y, (3)

We introduce the quantum transfer matrix (QTM),
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where N is the Trotter number, u= —3/N and IA?E\Q(V) = Rg(—V). The partition

function of the US model can then be written in terms of the QTM,
Z=Tre ™ = |im Tr(7°™(0))". (5)

This implies, that in the thermodynamic limit (L — o0) the free energy per site is
solely given by the unique largest eigenvalue of the QTM atv=0and N — oo,
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The QTM can be diagonalised by use of Bethe ansatz (BA). This yields

dj-1(V) q;(V)

where we have defined @ (v) = (v+ N2, go(v) = @_(v), gq(V) = @, (V) and
qj(v) = ﬂmj:ﬂv_vqu) for j =1,...,q— 1. For each set | the M; < N/2 many
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complex BA roots VlJ(j have to fulfill the BA equations

NV ) /A a(v) = —1. (8
The actual numbers M; depend on the eigenvalue of interest. In the following
we are only interested in the largest eigenvalue, for which all M; = N /2.

3 Nonlinear integral equationsfor the s/(4) case

In general the US model has sl(m|n) symmetry. However NLIE of type [1] were
previously known only for q = m+n < 3. Here we treat the Sl(4)-symmetric
US model, for which we have g = 4 and all €, = +1. The crucial point for the
derivation of the NLIE is the knowledge of suitable auxiliary functions. For con-
venience, we use an abbreviated notation using Young-Tableaux,
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K =X (V= D)AV)A (V). (9b)

For the first fundamental representation we define four auxiliary functions:
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For the second fundamental representation we have six auxiliary functions:
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Finally the four auxiliary functions for the third fundamental representation are:
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In addition to the auxiliary functions above, we define a second set of functions,

namely Bgn) (X) = bgn) (X) + 1. By applying a Fourier transform to the logarithmic
derivatives of all auxiliary functions bgn) (X), Bgn) (X) and exploiting their analytic-

ity properties in Fourier space, we eventually find a system of coupled nonlinear
integral equations, for which we can take the limit N — oo analytically. We get

b(x) = —BE(X) — [K +B](X). (13)
where we have defined
b(x) = (Inb(ll)(x),...,Inbgl)(x),lnb(lz)(x),...,Inbf’)(x))T, (14)
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Convolutions are denoted by
g0 = [ 1y o 7

The kernel matrix K(X) is a 14 by 14 matrix. We divide the matrix into blocks
connecting the auxiliary functions from different representations,

K (1,1) (X) K (1,2) (X) K (1,3) (X)

K(x) = | K@Y (x) KZ2(x) KEI(x) | . (18)
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We observe, that K (X) is hermitian and invariant under reflection along the anti-
diagonal ([K(X)]jk = [K(X)]15—k 15—j). Therefore we only need to consider
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The kernels K;(x) are defined as K;j(x) = [, K;(k)€**dk, where

— 00

Ko(k) = Kig(k), Ko(k) = Kig™ (k) + e /2 W02,
Ka(k) = Kig (k) + /21072, Ka(k) = Kig ™ (k).
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We note, that in spectral parameter space all kernels can be written in terms of
digamma and simple rational functions. Nevertheless our notation is more useful
here, as the numerical treatment of the NLIE can conveniently be done in Fourier

space. The bare energies in (16) are sgn) (X) = V[gf) (X) + an), where
o 2m sin(tn/q)
- q cosh(2rx/q) — cos(Tn/q)’

and the constants are given by

(22)

Ci” = (~3p+ e+ e+ 1) /4, = (i— 3o+ Hs+Ha) /4, (238)
¢y = (M + o — 3t + Ha) /4, ey’ = (+ o+ s —31)/4,  (23b)
C(12) = (W — 2+ e+H)/2, Céz) = (W +Kk—MWw+Wl)/2, (23c)
Céz) = (W + 2+ —H)/2, CELZ) = (M — K2 — Mg+ Ha)/2, (23d)
e = (MW — Ho+ Ms— Ha) /2, ¢ = (MW + Ho — M — Ha) /2, (23e)
Cr) = (—t— b2~ Mo+ 3) /4, €y = (—M1— o+ 3 —H)/4, (23f)
s = (—la+ 3t — Yo —Hu)/4, C)) =(B—te—He—Ha)/4.  (230)

Finally the largest eigenvalue of the QTM can be written in terms of the auxiliary
functions,

INAmax(0) = —B AN RIEE + - S [V(”)*InB(”)} (0), (24)
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where d, is the dimension of the n-th fundamental representation. Therefore the
problem of solving the infinitely many BA equations (8) in the limit N — oo has
been reduced to finding a finite set of functions satisfying the NLIE (13)—(23).
The NLIE is valid for arbitrary finite temperature and chemical potentials.

4 Analytical investigation of the s/(3) limit

We want to show, how our formulation (13)—(24) reduces to the known NLIE for
the sl(3)-symmetric case by freezing out one of the states. We choose the state
0 = 4 and accordingly treat the limit gy — —o0. We observe, that only seven of
the auxiliary functions survive. We can regard

bgl) (X) = bgz) (X) = béz)(x) — béz) (X) = bé?’) (X) = bg?’)(x) — bf)(x) =0. (25

We also conclude, that b<13)(x)/B(13)(x) — 1. Using this information the equation

for Inb<13) (X) linearises and can be solved analytically. Substituting this into our
NLIE, we are again left with a NLIE of type (13) but with only six auxiliary func-
tions belonging to the two fundamental representations of sl(3). Here we get the
kernel matrix

(Ko(x) Ka(X) Ky(X) Kg(x) Ka(x) Ka(x))
K2(X) Ko(X) Ki(x) Ks(x) Ke(x) Ka(x)
K (X) = Ka(X) Ka(X) Ko(x) Ks(X) Kz(x) Ks(x) (26)
— Ka(X) Kz(X) Ka(X) Ko(X) Ki(X) Ky(X)
Ka(X) Ke(X) Ka(x) Ka(X) Ko(x) Ki(x)
\Ks(X) Ka(x) Ka(X) Ka(x) Ko(X) Ko(X))
The kernels are given in Fourier space as
Kok =Rk Kill) = RVl +e 2 12
Ka(k) = Kig ™ (k) + /2 K2, Ka(k) = K@ (K,
Ka(k) = Kig? (k) + e M2—e2 - Kg(k) = Kiy® (k) + & K/2— g2,
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For the bare energies we get agn) (X) = V[éT)(X) + an) with the constants
e = (2 + o + 1) /3, c5? = (M1 — 2o+ 1) /3, (283)
¢y = (b + o — 243) /3, e = (—pu — po+ 243) /3, (28b)
e = (—p+ 2l — Pa) /3, ¢ = (2 — o — pa) /3. (28c)
The largest eigenvalue is given by
IN A (0) = —3(1—i— In3— 2 i u-) + i i Vv «InB{"| (0). (29)
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As expected, this is exactly the known NLIE for the sl(3)-symmetric case [1].

5 Numerical resultsfor a spin-orbital model

As an application, we consider the Hamiltonian of a SU(2) x SU(2) spin-orbital
model at the supersymmetric point,

L L
H =73 (25S41+1/2) (2111 +1/2) = H (gshS+ghrf) . (30)
=1 j=1

We have allowed for an external magnetic field h, which couples to the spins
and orbital pseudo-spins with Landé factors gs and g; respectively. Clearly the
Hamiltonian is equivalent to the sl(4) US Hamiltonian (1), if we set

W = (gs+a)h/2, o = (gs— o0)h/2, (31a)
U3 = —(9s—g)h/2, W= —(9gs+9)h/2. (31b)

In the four figures below, results are shown for the entropy S specific heat
C, magnetisation M and magnetic susceptibility X in the case gs=1, ¢ =0
for various magnetic fields. There is a critical field, which is known to be
he = 2INn2 ~ 1.39. For h > h. all spins are fully polarised in the ground state.
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